Canonical bases and quantum coordinate ring 



Bin Li and Hechun Zhang 
Department of Mathematical Science, 
Tsinghua University, Beijing, P.R. China, 100084 

Email: hzhang@math.tsinghua.edu.cn, libin07@mails.tsinghua.edu.cn 



Abstract 

Some nitrations of the tensor product of a highest weight module 
and a lowest weight module over quantum group U q (g) are constructed 
in [5] and one can use them to define some ideals of the modified 
quantized enveloping algebra. It is shown that the quotient algebras 
inherit canonical bases from the modified quantized enveloping algebra 
and are dual to the quantum coordinate ring defined by Kashiwara for 
symmetrizable Kac- Moody algebra g. 
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1 Introduction 

Quantum coordinate ring, or quantum function algebra, is the q-deformed 
version of the coordinate ring associated to a Lie group G. It can be viewed, 
in some sense, as an algebra dual to the quantized enveloping algebra U = 
Ug(g) and thus it is natural to study its structure and representations as 
well as its Z-form. 

There are various ways to define quantum coordinate ring C. For any 
Kac-Moody algebra g with a symmetrizable Generalized Cartan matrix, 
M. Kashiwara defined in [B] C as the algebra generated by all coordinate 
functions of the [/-modules in the category Oi n t and moreover, there is an 
analogue of Peter- Weyl theorem 

L(A)®L(A)° 

AGP+ 

where V(A) is the irreducible integrable highest weight [/-module with high- 
est weight A and V(A)° is its graded dual. In particular for g of finite type, 
Lusztig gave another equivalent definition [9] of the quantum coordinate ring 
and it is known that the quantum coordinate ring is exactly the Hopf dual 
of U in this case. In the present paper, we will follow Lusztig's approach 
to define a quantum coordinate ring through modified quantized enveloping 
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algebra U. 

Recall that G. Lusztig constructed in [9] a canonical basis for the tensor 
product V(A) <g> V(—fi) as well as for U. When q is of finite type, he consid- 
ered the subspace U° of the dual space of U spanned by the dual basis of the 
canonical basis of U in [11] . The multiplication in U° is defined through the 
coproduct on U to make it become an associative algebra which is proved 
later to be isomorphic to the quantum coordinate ring. In this way, the 
Z-form of this ring is naturally defined [11]. But unfortunately this method 
is not valid for q of other types and hence we need to do something more. 

In [9J Lusztig conjectured that for q of finite type, there is a composi- 
tion series of V(X) £>S V(—fi) compatible with the canonical basis. In [TP] , 
Lusztig gave an inductive method to construct the composition series of any 
integrable module in category 0, m t. A different approach to construct the 
composition series is given in [8j based on the theory of crystal basis. With 
this method we can also construct a nice filtration of V(A) <8> V(—fi) for g of 
any type such that the quotient of any two neighbors is either zero or an irre- 
ducible integrable highest weight module. Using these nitrations, we define 
a subspace U' of U spanned by all canonical base elements G(b) such that 
b £ B is contained in a connected component not isomorphic to a highest 
weight crystal. It is proved that V is a two-sided ideal of U. The quotient 
il = U jXJ' is an associative algebra which inherits from U a canonical basis. 
Let il take the place of U and then we define, similar to what Lusztig did in 
[llj . an algebra which is proved to be isomorphic to the quantum coordinate 
ring. 

The quantum coordinate ring considered in this paper involves only in- 
tegrable representations in category Oi n %. Thus it is exactly the algebra 
of strongly regular functions on symmetrizable Kac-Moody group [3.J when 
q = 1. It would be interesting if Oi n t is replaced by some larger categories. 
Namely, if there are more generators besides coordinate functions of highest 
weight modules, say, those of lowest weight modules, the generated subalge- 
bra of U* will be much more interesting. For g of affine type, the structure 
of level zero part of U was studied by Beck and Nakajima pQ. The authors 
of the present paper believe that their work is helpful to understand this co- 
ordinate ring of affine type though this is not included in the present paper. 

The paper is organized as follows. In section 2, we recall some defini- 
tions and facts about the crystal and canonical bases of U. In particular, 
the action of Cartan involution on canonical basis of U is studied through 
the bilinear form on U. In section 3 and 4, some nice nitrations of the tensor 
product V(A) ®V(— fj,) are constructed. We then define it to be the quotient 
of U and investigate its cell modules as in |1U| . In the last section, an alge- 
bra dual to il is defined and proved to be isomorphic to quantum coordinate 
ring. 
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2 Preliminaries 



2.1 Modified quantized enveloping algebra U 

We denote by g = q(A) any symmetrizable Kac- Moody algebra of rank n. 
The set of simple roots is indexed by I = {l,--- , n}. Let Q be its root 
lattice, i.e. Q = © ie / Zai C f) where f) is the Cartan subalgebra and on are 
the simple roots. Let LT V = {hi G f)| i G 1} be the set of simple coroots. 
We choose dj G f), 1 ^ j < n — rank(A) such that LT V {j{dj G f) | 1 ^ J ^ 
n — rank(A)} forms a basis of f). Set 

The weight lattice P is defined as P = {A G fj* | A(/i) G Z V/i G P v }. Let 
Q + and P + be the positive root lattice and the set of dominant weights 
respectively. We define Po to be the subset of P + consisting of weights n 
such that fj,(hi) = for all i & I. Let W be the Weyl group associated to g. 
There is a W-invariant symmetric bilinear form ( , ) on P x P such that 

Let Uq(o) be the quantized enveloping algebra generated over k = Q(q) by 
Ei, Fi and q h for i G /, h G P v [7], which is denoted also by U for simplicity. 
The subalgebras U + , U and P~ are defined in the same way as in [JJ. For 
£ = J2iei n i a i ^ Q) define the height of £ to be l n «li denoted by ht(£). 
Set ^ = {n £ [/ g^ng-^ = q^u}. The filtration P = (P n )„ eZ+ of [f* is 
defined by 

Fn(U ± )= 

Denote by U q (o) or simply U the modified quantized enveloping algebra 
generated by U q (g)a x for A G P subject to the relations: 

q h a\ = q X( - h) a x , a x a^ = 5 x ^a x , ua x = a XH u for u G U^. 

Note that U = AeP Ua x . 

There is an anti-automorphism (resp. automorphism) of U, denoted by 
* (resp. u), such that 

E* =E U F* = Fi, (q h T = q~ h 

{resp. u(Ei) = F u oj(Fi) = E h oj(q h ) = q' h ). 

One can see that * and uj can be extended to involutions on U, denoted by 
the same symbols, with (a x )* = ui(a x ) = a_ x . 
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2.2 Crystal basis and canonical basis of U 

For X, fi G P + , let ^(A) ® V(— fx) be the tensor product of irreducible inte- 
grable highest weight [/-module V(A) of highest weight A with irreducible 
integrable lowest weight [/-module V(—fx) of lowest weight —fx. Note that 
it is, by the coproduct of U, also a [/-module and we denote it also by 
V(X,—fx). Let u\ (resp. be the highest (resp. lowest) weight vector 

of V(A) (resp. V(—fx)) and set u\-^ = u\<8> G V(X, — fx). It is known 
in [TIE] that V(A, —fx) is a cyclic [/-module generated by u\_^ and that it 
admits a crystal basis 

B(X, —fx) = B(X) ® B(—fx) 

where B(X) and B{—fx) are highest and lowest weight crystals respectively. 
The corresponding global basis of V(A, —fx) is constructed in [9] and fol- 
lowing Lusztig, we call it canonical basis, which is denoted by {G(b) \ b G 
B(X,-fx)}. 

Definition 2.1. (i) For a [/-module M with a canonical basis, a subspace 
A/" of M is called nice or compatible with the canonical basis if N is 
spanned over k by a part of the canonical basis of M. 

(ii) For [/-modules M and N with canonical bases, a homomorphism of U- 
modules <p '■ M — > N is called nice or compatible with the canonical 
bases if it maps the canonical base element of M to that of N or to zero 
and if the images of two distinct canonical base elements are distinct 
when they are both nonzero. 

(hi) For a [/-module M with a canonical basis, a filtration or composition 
series of M is called nice or compatible with the canonical basis if any 
submodules in the filtration or composition series is nice. 

In [9], the following stability property plays a key role in the construction 
of the canonical basis of U. 

Proposition 2.2. (fS/) For X,fx,9 G P + , the map n x ,^$ ■ V(X + 0,-0- 
fx) — > V(X, —fx) which takes xu\ + g-g-^ to xux-^ for all x G U is a nice 
surjective U-map. 

We see from the proposition that there is an embedding of crystals 
B(X, -fx) ^ B(X + 6, -0-fx) and note that it is strict [7J. For X, fx G P + , let 
$ : Uax-n — > V(X,—fx) be the [/-map taking a\-^ to itA,-^- It is known 
that U as well as each Ua\ have canonical bases and $ is a nice surjective 
[/-map. We denote the crystal basis of U (resp. Ua\) by B (resp. B{Ua\)). 
Hence we have the embedding of crystals 

B(X,-fx)^B(Ua X - fM ). 
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It can be viewed as B(X, -/x) C B(\ + 9, -9 - n) C B(Ua X -^ C B. Note 
that B(Ua\) can be written as B(oo) <2)Tx<2) B(—oo) where -B(±oo) is the 
crystal basis of ZJ^ and T\ is a crystal consisting of a single element t\ with 
e i(*A) = 4>i(tx) = — 00 f° r an ' € -f' For 6 € -B(A, — /i) C 5, we denote by 
the same G(b) the corresponding canonical base element in V(A, —fi) or U 
if this causes no confusion. It is known that * induces a bijection on B such 
that (61 ® t x b 2 )* =b*® t^ wt{bl) _ wt{b2) <g> b\ and G(b)* = G{b*) [7J. 

For any X £ P, Kashiwara defined in [7J an extremal weight [/-module 
V max (X) which admits a crystal basis B max (X) consisting of all *-extremal 
vectors in B(Ua x ). We have V max (X) ^ V max (wX) for any w G W and 
y maz (A) = V(A) if A € ±P + . It is also known that for any connected 
component B of B, there is an I > such that (wt(b),wt{b)) Z for all 
6 G .B. Moreover, 5 contains an extremal vector and can be embedded into 
B max (n) for some /x G P [7J. 

For g of affine type, let c 6 f) be the canonical central element of q. Given 
A G P, we define the level of A to be the integer A(c), denoted by level(X). 
Since an integral weight A of positive (resp. negative) level is VK-conjugate 
to a dominant (resp. anti-dominant) weight, it follows from the previous 
paragraph that B(Ua\) is a union of highest (resp. lowest) weight crystals. 

Denote by 5* the cardinality of the set S. Given two crystals B\ and 
Bi with B\ connected, denote by [B2 '■ Pi] the cardinality of the set which 
consists of all connected components of B2 isomorphic to B\, i.e. 

[B 2 : Bx] = {B C B 2 \ B = B x }* . 

The following result was proved in [8]. 

Proposition 2.3. For X G P + and e P, [B{Ua^) : B(X)\ = dimViX)^. 
2.3 Bilinear Form on U 

We introduce another anti-automorphism of U, denoted by [7J, such that 
9(Ei) = q-H- 1 ^, 9(F { ) = q-HiEi, V{q h ) = q h , *(q) = q, 

where % = q 2 and ti = q 2 *. One can easily check that \P = id 
and \£ commutes with u introduced previously. 

For A G ±P + , there is a unique non-degenerate symmetric bilinear form 
( , ) on V(A) such that 

(ux,u\) = 1 and (Pu,v) = (u,V(P)v) for all P G U, u,v G V(X). 

See that 

(Pu x , Qu x ) = (w(P)u_ A , w(Q)«-a) (2.1). 
Indeed, one can define a bilinear form (( , )) on V(A) by 

({Pu\,Qu\)) = (lj(P)u_x,u(Q)u-x), 
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and (2.1) follows from the uniqueness of the bilinear form on V(A). Given 
A, G P+, we define a symmetric bilinear form ( , ) on V(X, —fx) by [u\ ® 
vi,U2 &1V2) = (ui,vi)(u2,V2)- Since \& commutes with the coproduct A, i.e. 
(vp <8> A = A^, it implies that (Pu, w) = (u, *(P)v) for all P eU, u, v G 
F(A,-/z). 

Lemma 2.4. fTWj For P, Q G £7 and £ P, i/iere exists a unique polyno- 
mial f(x) in x = (xi)i G / suc/i i/iai for any A ;/ u G P + itfii/j A — fj, = 9, 
(Pux-^Qux^) = f(x) with Xi = q^ hi \ 

The bilinear form on Uae is then defined by (Pag, Qag) = f(0) and this 
extends to a bilinear form on U such that (Uag 1 ,Uag 2 ) = for 9\ ^62- It 
was shown in [7] that ( , ) on U is symmetric and it satisfies 

(u,v) = (u*,v*) and (Pu,v) = (u,V(P)v) for all P G U,u,v G U. 

Let Aq be the subring of k consisting of all rational functions regular at 
q = and U% be the Z-form of U [7\. The crystal lattice L(U) over Aq and 
the canonical basis of U are characterized by the bilinear form [JJ. 

Proposition 2.5. (i) L(U) = {x G U \ (u,u) G A)} 

fu,) If u £ Uz and (u,u) G 1 + qA$, then u = G(b) or —G(b) mod qL(U) 
for some b G U. 

We define another bilinear form (( , )) on U by 

((u,v)) = ((jj(u),lj(v)) for all u,v G f/. 
Proposition 2.6. ((it, u)) = (ti, for allu,v G f/. 

Proof. Assume that u = Pag, v = Qag where P,Q G U, 9 G P. Let 
$(P)Q = £ . x+xj where xf G C/± ® fcfg^ : /i G P v ]. We have 

((Pae,Qao)) = (w(P)a_ e ,w(Q)a_ 9 ) = (a_ fl) *(w(P))a;(Q)a_ 9 ) 

= (a_e, <j(*(P)Q)a_ e ) = y^(a_g,a;(3;+x7)a-g) 

i 

= ^(w(^(4))a_ e ,w(xT) a _ e ) = ^((^(s+joj.xjafl)) 
i i 

Since g^ag = q 6 ( h 'ag, it is sufficient to show the equality when P,Q G f/~. 
Given A, /x G P + such that X — /j, = 9, 

(Pux,~ft, Qux-p) = (Pu\ <8> Qua u-^) = (Pu A , Qu A ) = /(x) 

Meanwhile we have, 

(w(P)u M _ A , w(Q)u M _ A )) = (itj, <8) w(P)u_ A , u M (8 w(Q)u_ A ) 

= (w(P)-u_ A ,w((5)n_ A ) = (Pu x ,Qu x ) = f(x). 

Hence ( (Pa e , Qa fl ) ) = / (0) = (Pa e , Qa fl ) . □ 
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Corollary 2.7. (i) w(L(U)) = L(U). 
(ii) ui(B) = B. 

(Hi) u(G(b)) = G(u(b)) for all b£U. 

Proof, (i) follows immediately from Proposition 12,51 and 12.61 The proof of 
(Hi) is similar to JJJ. We only show (ii) here. Given b = b\ <g> t\ ® b 2 6 B 
with ht(wt(bi)) = li, i=l, 2, we have 

G(b) = G(b x )G(b 2 )a x mod F l ^ 1 (U-)F h _ 1 (U + )a x (2.2). 

Since u : f/ ± — > U T induces oj : B(=foo) — > £?(±oo) and it maps canonical 
base elements of f7 ± to those of applying oj to (2.2) we have 

oj(G(b)) = oj(G(h))oj(G(b 2 ))a- X = G(oj(bi))G(oj(b 2 ))a- X 

= G(oj(b 2 ))G(oj(b x ))a- X mod F /2 _ 1 (C/-)F Zl _ 1 ([/+)a_ A . 

Since oj(G(b)) = G(b') or -G(b') for some b' € B, we obtain that b' = 
u(b 2 ) ® i-A ® w(6i) and w(G(6)) = □ 

3 A quotient algebra of U 

Throughout this section, a pair of dominant weights (A, fi) is fixed. 
3.1 Filtration 

In this subsection, we recall the construction of some nice nitrations of the 
[/-module V(A, —fi) in [8]. In order to obtain nice submodules of V(A, — (J,), 
we need the following lemma due to Kashiwara [5j. See also [8] for more 
details. 

Lemma 3.1. (i) Let M be an integrable V -module with a canonical basis. 
If N is a nice U + -submodule of M , then UN = U~N is a nice U - 
submodule of M. More precisely, UN = (&i,£B(un)cb(m) kG(b). 

(it) B(UN) = {f n ---f lm b I m 0, n, - - - ,i m El,beB(N)}\{0}. 

One can define a total order < on the lowest weight crystal B(—fi) such 
that b\ < b 2 if wt(b\) < wt(b 2 ). Indeed, for b G B(—fi), set 1(b) = m if 
b is of the form • • • e^U-^. It is well-defined since b = • • • e^it-^ = 
e~j 1 ■ ■ ■ e^U-u implies I = m by comparing the weights. We arrange the order 
on / as 

1 < 2 < ■ ■ ■ < n. 

Let |6| denote the l(b)-tuple (i±, ■ ■ ■ , ii(p)) such that (ii, • • • , iig>)) is minimal 
in lexicographic order among tuples (j±, ■ ■ ■ , jiQ,}) such that e~j 1 ■ ■ ■ e~j Hb) U-^ = 
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b, i.e. \b\ = min{{jx, ■ ■ ■ | b = e h ■ ■ ■ &,-, (6) n_ M }. Set = 0. The 

order on B(—fj,) is then defined as follows, 

61 < 6 2 iff 1(h) < l(b 2 ) or 1(h) = l(b 2 ) but |6i| s$ \b 2 \. 

For 6 G B(—[A), we define a subspace Vj,(— /i) of V(— //) as 

H(-/i)=E fcG ( c ) 

which is easily shown to be a [7 + -submodule. Hence u\ ® Vb(-fi) is a [/ + - 
submodule of V(A, —fi) which has a basis {u\ &> G(c) | c ^ 6, c E B(— /i)}. 
Since u A <8> G(c) = G(u\ (g> e), u A ® Vf,(— /i) is actually a nice £/ + -submodule. 
Define F\(b) to be a ?7-submodule of F(A, — fx) generated by u\ eg) V\,(— /u), 
i.e. 

F A (6) = [7(« A ®F 6 (-/i)). 

It follows from Lemma 13.11 that F\(b) is a nice [7-submodule of V(X, — /i) 
and 

S(F A (6)) = {/ il ---/ im (n A (»c) I ii, ••• e J, c 6 B(—fi), c > b} \ {0}. 
Moreover, by comparing the crystal basis, we have in [8] the following result. 

Theorem 3.2. For two neighbors b < c E B(-fi), F x (b)/F x (c) = V(X + 
wt(b)) if ei(u\ ® b) = /or aZZ i E I, otherwise F\(b) = F\(c). 

Hence we get a nice descending filtration of V(X, — yu) 

y(A, -aO = F A (6i) 5 F x (b 2 ) D F A (6 3 ) 5 • • • (3.1) 

where U-^ = h < b 2 < 03 < • • • is a complete list of B(—fi). 

Remark 3.3. (i) In our construction, the total order on B(—fi) is fixed 
while in fact we can choose any total order such that b\ < b 2 if wt(h) < 
wt(b 2 ). 

(ii) Similarly one can also define a total order on B(X) such that b\ < b 2 
if wt(h) < wt(b 2 ). Set 



i^(6)4 £tf(G(c)®u_ M ) 



c^b 



with which we can also construct a nice filtration of V(X, —fi) where 
the quotient of two neighbors is isomorphic either to an irreducible 
lowest weight module or to 0. 
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Let W(X, — /x) be a subspace of V(X, — zz) defined by 

beB{-n) 

Set M(A,-/x) = V(\,-fJ,)/W(\,-fJ,). Denote by B' (resp. B'(X, -/z)) the 
sub-crystal of -B (resp. B(X, — /x)) which is a union of all connected compo- 
nents of B (resp. B(X, — /x)) that are not highest weight crystals. We have 
the following proposition in [8]. 

Proposition 3.4. (%) W(X, — /x) is a nice U -submodule of V(X,—fi) and 
B(W{X,-fi)) = B>(X,-ti). ' 

(ii) M(A, — /x) admits a canonical basis and B(M(X,—[i)) = B(X,—fi) \ 
B'(X,-fi). 

Remark 3.5. One can see that U(X,—^l) = f]&e.B(A) F-nify has a crystal 
basis -B"(A,/x) as well as a canonical basis where B"(X,—fi) consists of all 
connected components of B(X, — /x) that are not lowest weight crystals. Sim- 
ilarly N(X, — /x) = V(X, — zx)/?7(A, — /x) admits a canonical basis. 

Note that when q is of finite type, V(X, — /x) is finite dimensional. Hence 
there are finitely many terms in the filtration (3.1) and furthermore, we can 
obtain a nice composition series of ^(A, — /x) [8] by deleting the superfluous 
terms in (3.1) which provides a complete proof to the conjecture raised by 
Lusztig [9]. Moreover, W(X, — zx) = and M(A, — zx) = V(X, — /x) in this case. 
But when g is of affine or indefinite type, the situation is quite different. For 
g of affine type, the following result was shown in [8]. 

Proposition 3.6. (i) W(X, -/x) = N(X, -zx) = and M(A, -zx) = U(X, -zx) 
= V(X, -/x) if level{X - /x) > 0. 

(ii) W{X, -n) = N(X, -/x) = V(X, -/x) and M(A, -/x) = U(X, -/x) = if 
level(X — /x) < 0. 

(in) M(X, — /x) = N(X, — /x) is a 1-dimensional trivial module if X — \x € Pq, 
otherwise if X — /x £ Pq is of level 0, W(X, — /x) = U(X, — /x) = F(A, — /x) 
and M(A, -zx) = JV(A, -/x) = 0. 

3.2 H 

We denote by + (resp. 0~) the completely reducible category whose ob- 
jects are direct sums of irreducible integrable highest (resp. lowest) weight 
(V-modules. Note that + here is often referred to as Oi n t in other litera- 
tures. 

Theorem 3.7. For b £ B, the following conditions are equivalent. 
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(i) G(b) acts on V(X) as zero for all A G P + . 

(ii) G(b) acts on M as zero for any M £ ob(0 + ). 
(Hi) b £ B'. 

Proof. The equivalence of (i) and (ii) is clear. If b satisfies (ii), we show that 
it satisfies (Hi). Otherwise assume that b £ B', b is contained in a highest 
weight subcrystal of B. There exist A, \x £ P + such that b £ B(X, —fj,) C B. 
We rewrite the nice filtration (3.1) of V(A, —fx) as 

V(\,-(i) = F ^F 1 ^---DF l D--- (3.2). 

There exists an s ^ such that G(6) E F s but ^ i^a+i. Hence 

/ G(6)(n A ,_ M + F s+ i) € V(A, 

where F(A, — fj,)/F s +i is an object in + . This contradicts (ii). Finally we 
show that (Hi) implies (i). Assume that G(b)V(\') ^ for some A' £ P + , 
then there exists an m £ V(A')^ such that G(b)m ^ and b £ B(Ua^) C 5. 
We can find A,/i 6 P + with A — // = £ such that 6 £ -B(A, — //) C B(Ua^) and 
there exists a homomorphism of [/-modules : V(A, — fi) — > ^(A ; ) which 
takes u\,-fM to m. Since b £ B', G(b) £ W(X, — /x), that is, G(b) £ F s for any 
F s in the filtration (3.2). Restricting (f> on F s , we get a [7-morphism 

</>k : — > K(A'). 

Since the set of generators of F s is of the form ua ® V&(— /i) for some 6, the 
corresponding weights of these generators are not lower than or equal to A' 
for a sufficient large s by the construction. Hence 0|f s is zero for s >> 0. 
It follows that <j)(G(b)) = G(b)m = which is a contradiction. □ 

As is known in [2], if u £ £7 acts on each M E o6(C + ) as zero, then 
u = 0. But it is not true for u £ U and g of affine or indefinite type by the 
above theorem. 

Proposition 3.8. For u = ^ k\,G{b) £ U such that u acts on M as zero 
for all M £ ob(0 + ) and if k b ^ 0, then b £ B' . 

Proof. We assume that kb ^ for some bo ^ B'. There exist A, fj, £ P + 
such that bo £ B(X, —fi) C B. Since bo ^ B', there exists an s such that 
G(bo) £ F s but G(bo) £ F s+ \ where F s and F s+ i are in the filtration (3.2) 
of V(X, — n). Hence we have 

+ n(n A ,_ M + F s+1 ) £ V(X, -n)/F s+1 

with V(X, —fi)/F s+ i £ ob(0 + ). This is a contradiction. □ 
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By this proposition we know that any u 6 U annihilating all M € ob{0 + ) 
is a linear combination of G(b)'s with b € B'. Denote by U' the set of all 
such it's. It follows from Theorem 13.71 and Proposition 13.81 that 

Theorem 3.9. U' is a nice two-sided ideal of U and it admits a crystal 
basis B' . 

We define iX to be the quotient of U by U', i.e. 11 = U/U'. Hence il 
inherits from U a canonical basis and we denote by 23 the corresponding 
crystal basis. One can see from the definition of B' and 23 = B \ B' that 
23 is a union of all highest weight sub-crystals of B. We know also from 
Theorem 13.71 that any M € ob{0 + ) is also a representation of it. Note 
that when g is of finite type, il = U. If Q is of affine type, it follows from 
Proposition 13.61 that il is isomorphic to the subalgebra of U generated by 
Ua^ and a v for all £ with a positive level and rj £ Pq. 

Remark 3.10. Similarly one can define U" to be the set of all u € U such 
that u annihilates all M € ob{0~). Then U" is also a nice ideal of U with 
a crystal basis B" where B" consists of all connected components of B that 
are not lowest weight crystals. We denote by 03 the quotient algebra U/U" 
which admits both a cystal basis and a canonical basis. 

4 Cells in it 

Recall that we define M(A, — /i) which is a representation of U as well as U 
in the previous section. Also it can be viewed as a representation of il. To 
see that, we need the following lemma. 

Lemma 4.1. For b G B' C B and X,fx G P + , G{b)M(X, -p) = 0. 

Proof. We only show that G{b)V{\ -/*) C W{\, -fj,). Since V(A, -m)/^ G 
o6(C + ) for any in the filtration (3.2), by Theorem 13.71 we have 

G(6)(F(A,-/i)/F s ) = 

which means G(b)V(X, — /x) C F s . Hence we have 

G(b))V(\,-iM)Qf)F 8 = W(\,-iM). 

□ 

Applying this lemma we have U'M(X, — /x) = and thus we equip 
M(A, — /i) with a it-action. Quotient by W(A, — /u), we obtain from (3.2) 
a filtration of M(A, — /x) consisting of nice U or il-submodules 

M(A, -//) = M 2 Mi D ■ • • D Mj D • • ■ (4.1) 
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where Mj = Fi/W(X, —/J,). Denote by v\-^ the image of u\-^ in M(A, — fj). 
Hence the map 

ux-n : il — > M(A, -fx) x i — > xv\-^ 

takes the canonical base elements of il to those of M(A, — fi) or to zero. 
For £ G F + , let M(A, — //Wi ( resp. ilr^i) be the subspace of M(A, — /i) 
( resp. il) spanned by all G(6)'s such that 6 is contained in a subcrystal 
of B(M(A,-At)) ( resp. 58) isomorphic to £(£). Note that M(A, is 
usually not a [/-submodule of M(A, — /i). Set M(A,— At)r>£], — /■*)[>£]> 

il^£] and H[>£] as follows 

M(A,-m) M = 0M(A,-m) W , u m ± 0%], 
M(A,-/x) [>e] 4 0m(A,-m) W , = 0%- 

»?>? f?>€ 

For a {/-module M G ob{0 + ) with a canonical basis, M can be written 
as M = © Ag p+ M[A] where M[X] is the sum of all submodules of M iso- 
morphic to V(A). Here M [A] is usually not nice. But it is known in [TO] that 
M[£] is a nice [/-submodule of M for a maximal £, i.e. £ is maximal in the 
sense of dominant order among all A such that M[X] ^ 0. Moreover, both 
Af[> f] = (B XH M[X] and Af[> f] = A>? M[A] are nice. In particular, 
when g is of finite type, M(A, — /i)r^i = M(X, — £]• 

Similar to [TO] we have the following lemma. 
Lemma 4.2. For x G il and £ G P + , i/ie following are equivalent 
(i) x G U[^j. 

fn,) For a// A, /i G P + , xvx,-^ G M(A, — /■*)[>£]■ 

fm,) For any M G oo(0 + ) and m G M , xm G £]. 

(raj i/x acte on V(?7) as a nonzero map for some n G P + , then rj ^ £. 

Proof. It is clear that the equivalence of (z) and (ii) follows from definitions 
of il[^£] and M(A, — (w) and (iv) are equivalent since any M G 

ob{0 + ) can be written as a direct sum of some V(n)'s. If x satisfies (wi) 
we show that it satisfies (ii). Set x = ^/cftG(o). Assume that (ii) does 
not hold, then there exists some &o G B(M(X, —fi)) C 58 with ^ such 
that bo is contained in a subcrystal of 58 isomorphic to B(n) with n % £. It 
follows that there exists an s such that G(oo) G Ms but G(po) £ M s+ \ where 
M s and M s+ \ are in the filtration (4.1). Thus 

M s /M s+1 V {i-,). 
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Set M = M(A, -n)/M s+x and m = v x ,-^ + M s+1 G M. Then M G oo(0 + ) 
and rem ^ £] which contradicts (m). Conversely we show that (ii) 

implies (Hi). For any M G ob(0 + ) and m G Mg, there exists A,/x G P + 
with X — fi = 6 such that xvx^^ ^ and : V(A, — //) — M, ua,-^ 1 — ^ m 
is a nonzero [/-map. As in the proof of Theorem 13.71 one can see that 
4>(W(X, —fi)) = 0. Hence we have 

4> : M(A, -/x) — > M, w Ai _ M .— ► m 

a homomorphism of both [/-modules and il- modules. As is proved before, 
there exists an s such that the weights of the generators of M s are not lower 
than or equal to any weight in M. Hence (ft(M a ) = and furthermore, (ft 
factors through the il-map (ft' : M(A, —fi)/M a — > M, t>A,_ M + M s i — ► m. 
Since xv X -^ G M(A, and -p)/M s G o6(C+), 

x(i; A ,_ M + M a ) G (M(A, -At)/M 8 )[> £]. 

It follows that (ft'(x(v\^^ + M s )) = xm G £] which proves (m). □ 

Similarly one can prove the following lemma since 

Lemma 4.3. For x G il and £ G -P + , iae following are equivalent 
(i) x G U[>£]. 

(nj For a// A,/x G P + , xvx,-^ G M(A, — a0[>£1- 

fmj For any M G o6(C+) and m G M, xm G M[> £]. 

(raj 7/x acte on V(n) as a nonzero map for some rj G P + , then rj > £. 

The corollary below follows immediately from Lemma r4.2l and Lemma f4.3l 

Corollary 4.4. Both Hf>£] and Hr>fi are nice two-sided ideals of ii for any 
< i /' • . 

Remark 4.5. For £ G i 34 ", we can define (resp. 53[ < _^j) to be the 

subset of QJ consisting of all x such that n ^ £ (resp. n > £) if x acts on 
V(— n) as a nonzero map. Similarly both of them are nice ideals of QJ. 

For an integrable left [/-module M with finite dimensional weight spaces, 
let M° denote the graded dual of M, i.e. M° = 0eP M e * where M = 
®0 g p Mg. Then there is a right [/-action on M° as 

(/ . x )(v) = f(xv) for / G M°, veM,xeU. 
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For instance, V(A)° is an irreducible integrable right [/-module with highest 
weight A G P + . Given a right [/-module M, we denote by *M the same 
£;-vector space equipped with a left [/-action as 

x o m = m ■ x* for x G U, m G *M. 

It is clear that *V(\)° ^ V(-A) as left [/-modules for A G ±P+. Given a 
left [/-module N, define to be the left [/-module with the underlying 
space U N = N such that 

x o v = u(x) ■ v for x G U, v G w iV. 

See that W F(A) ^ V(-A) for A G ±P+. 

Lemma 4.6. (i) Both * and u on U induce bisections *, u : it ^ — > QJ. 
^ There are bijections *, w : lt[^f] * — >■ 2J[<-f] *, w : H[>f] < — ?■ 

Proof. To prove (i), it is sufficient to show that *([/') = U" and uj(U') = 
U". For 6 G B', G{b) annihilates all V(A) for A G P + . Then we have 
G(b) o *V(-A)° = for all A G P + which implies^ that G(b)* = G(b*) 
annihilates all V{— A) for A G P + . Hence *([/') C [/". Similarly we have 
*(U")CU'. It follows from * 2 = id on U that *(U') = U". Given 6 € J3', 
annihilates all A) for A G P + . It implies that u{G{b)) annihilates 
all V(-X) for A G P + and thus *{U') C [/". The proof of the equality is 
similar to that for *. In order to prove (n), we only show C QJr^_£i 

and a;(ilr^i) C 9Jr^_£i. Given a; G iXr^i, if x* acts on V(— rj), r) G P + , as 
a nonzero map, one can see that x(*V(— rj)°) = xV{rj) ^ which implies 
r) ^ £. Hence x* G Similarly if u)(x) acts on V{—rf) for some rj G -P + , 

as a nonzero map, then uj(x)V(—rj) = xo u V {—rj) = xV{rj) ^ 0. Hence rj ^ £ 
which implies G 93r^_£i. □ 

Note that U = ©£ g p+ as a direct sum of vector spaces. We have an 
isomorphism 

-%] 

as k- vector spaces. Furthermore, Hr^i/Hr^i is an algebra as well as a H- 
bimodule which we call two-sided cell module of il and denote also by U(£) 
for simplicity. This cell naturally inherits from il a canonical basis and its 
crystal basis is a family of copies of B(£). We have the following result 
similar to [10j . 

Proposition 4.7. For £ G P + , 

(i) U(£) decomposes into a direct sum of nice irreducible highest weight 
left U-submodules, each summand is isomorphic to V(£). 
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(ii) il(£) decomposes into a direct sum of nice irreducible highest weight 
right U-submodules, each summand is isomorphic to V(£)°- 

(Hi) il(£) = V(C) ® V(£)° as C or ii-bimodules. 

Proof, (i) is obvious. Since we have bijections wo* : Urj>£i « — )• ilfeg], ^ — ^ 
il[>£] by Lemma 14,61 00 ° * induces an anti-automorphism of il(£) ■ Apply 
uj o * to any summand V in (i), we obtain a nice irreducible right [/-module 
uj o *(V) by Corollary 12.71 and this proves (ii). Let (ft be the restricting map 
on of the il-action on V(£), i.e. (ft : il[j>£] — ► -EVic2fc(V(£))- Then 

is a homomorphism of algebras without 1. It can be seen from Lemma 14.31 
that the kernel of (ft is exactly H[>£] and thus (ft : il(£) — > Endk(V(£)) is 
injective. We view V(£) ® V(£)° as a subset of i?ndjfe(V(£))j i.e. 

(x ® /)(«) = f(v)x for x, v E V(0, f € V^)°- 

It is easy to see that V(£) ® is a C/ or il-subbimodule as well as a 

subalgebra of .En<ifc(y(£)) where U or il acts on V(£) (8) as 

{x(v ® f)y)(m) = f(ym)xv for v,m £ V(£), / G x, y G [/ or il. 

In fact the ^ defined above maps il(£) injectively into V(£) ® and 
moreover, (ft : il(£) — )■ is a homomorphism of U or il-modules. 

Fixing a right weight 77 G P, il(^)a^ is, by Proposition 12.31 a direct sum of 
dimV^rj copies of V(£) as a left il-module, where we denote the image 
of a v in il(£) by the same symbol. Hence (ft : il(£) — > V(C) ® ^(0° i s 
surjective and il(£) = V(£) ® V(£)°- □ 

5 Quantum coordinate ring 

5.1 U° 

For J7i, f/2 G {U, U', il, [/-modules with canonical bases}, let U\®U\ be the 
set of all formal (possibly infinite) linear combinations ^ kb lt b 2 G(bi)<SiG(b2). 
For A, Ai, A2 G P, the coproduct on U induces the map A^ ^ ^ : Ua\ — > 
Ua\ 1 Ua\ 2 where Aa,Ai,a 2 * s nonzero only if A = Ai + A2. Set 

A = Yl A A,A l5 A 2 : U — > UW. 
A,Ai,A 2 eP 

For a, 5, c G -B, we define md c G to satisfy that A(G(a)) = ^ b c ina C G(b) <g> 

G(c). Note that mj ,c here is actually in Z[g, |10j . For A, Ai, A2, /U, ^1, 
/X2 G P + with A = Ai + A2 and \i = \i\ + /i2, let Ti, r2 be the [/-map 

n:V(X) — ► V(Ai) ®V(A 2 ), u A ^u Al ®u A2 , 
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r 2 : V{-n) — > V(-m) <8 V(-fJa), u_ M i — > ® u_ M2 . 
Set Rx 2 ,-f J , 1 to be the unique isomorphism of f7- modules (R-matrix) 

Rx 2 ,-^: V{\ 2 )®V{-»i)^ V(-»i)®V(\ 2 ) 

such that Rx 3 - fil (u\ 2 (8 U-^) = u„ Ml (8) ua 2 - Let r be the composition of 
Ti 8> r 2 and 1 ® Rx 2 - fll <8 lj i-e. 



7(A,-M) 



F(Ai) ® V(A 2 ) 8> V(-/ii) 8> V(-/i2) 

l®ftx 2 ,_ M <g>l 



F(Ai j -mi)®^(A 2 ,-M2) 
Let p be the map p : J7g>[7 — > V(Xi, — Pi)<8^(A 2 , — p 2 ) such that 

) ® (G(6)n A2 ,_ 



One can see that U acts on ux 1 .-^ 1 ®ux 2 .-^ 2 as a map which can be obtained 
through A. More precisely, we have a commutative diagram 



p 



-> V(Ai,-//i)®V(A 2j -/Z2) 
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F(Ai,-pi)8)F(A 2) -At 2 ) 
where 7(3;) = x(ua 15 - Mi (8 u\ 2 ,-n 2 ) and z is the canonical inclusion. 
Proposition 5.1. The following diagram is commutative 

A 



U 



Jm(A) 



F(A,-p) 



-> F(Ai,-pi) ®F(A 2 ,-p 2 ) 



(5.1) 



Proof. We regard U®U as a left [/-module through A. Hence all the maps 
are homomorphisms of [/-modules. It is easy to check that the two compo- 
sitions in the diagram coincide when applied to for any £ € 7*. □ 



Lemma 5.2. A([/ / ) C U'®U +U®U'. 



Proof. We assume that A([/') ^ f7 / ®?7 + U®U'. Then there exist a £ B' 
and b,c £ B \ B' such that ?nj' c 7^ 0. We suppose that b 6 B(Ai, — pi) and 
c G B(X 2 , — p 2 ) for some Ai, A 2 , pi, p 2 € 7* + . By Proposition 15.11 we have 



pA(G(a)) = ra A ,_ M (G(a)) + 
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where A = Ai + A2, /i = A*i + A*2- Hence a G -B(A, — /x). It is known that 
there is a nice filtration of ^(Aj, — m) 

V(Xi, -m) = F ifi D F i:1 D • • • D ify D • • • (5.2(i)) 

for i = 1,2. Since 6, c ^ 5', there exist s and t such that G(b) G F± s , 
G(b) £ Fi tS+ \ and G(c) G i 7 ^,* , G(c) ^ i*2,t+i- Let 7r be the canonical map 

vr : V(\i, -Hx)®V{\ 2 , -M2) — ► (F(A X) -/xi)/F 1|S+ i)®(F(A 2 , -/^J/Fa.t+i) 

where (V(Ai, — fj>i) / Fi jS+ i)®(V(\2, — ^2) / F^t+i) is an object in + , denoted 
by M. Let m be the image of U\ 1 _„ ® u\ 2 -a in Af. It follows from the 
assumption that iTTa\- lJL {G{a)) = G(a)m 7^ 0. This contradicts that a £ B' 
by Theorem O □ 

It follows from the lemma that A induces the map A : il — > il<8>il. For 

a, b, c G 03, similarly we define mj ,c to satisfy that 

A(G(a)) = ^m^ c G(6)®G(c). 

b,c 

It is clear that mj ,c = raj c if a, b, c G 03 = B \ B'. The coassociation of the 
coproduct on U implies that 

J2 rh a c ' b K' d = Yl ™e C ™c d ( 5 - 3 ) 

cG*B ce*B 

for any a, b, c,d,e G 03. 

One can see from the proof of Lemma 15.21 that for b G B(Xi, —fj-i) f] 03 
and c G B(\2, —^2) f] ® with liia' 7^ 0, we have a G B(Ai + A2, —y\ — y 2 )- 
Hence when q is of finite type, the set {a G OS | mj ,c 7= 0} is finite for fixed 

b, c above since B(Xi + A2, —(J>i — ^2) is a finite set. We claim that it is also 
true for q of any type though B(X\ + A2, —fit — ^2) is not finite any more in 
other cases. 

Theorem 5.3. For b, c G 03, {a G 03 | fnf ^ 0} is a finite set. 

Proof. Assume that b G B(X\, — /xi)^ and c G B(\2, — /U 2 )§ 2 with md c 7^ 0, 
then a G B{X\ + A2, — \i\ — ^2)^+^2 from the above statement. We suppose 
that G(a) G ilr^i . As in the proof of Lemma 15.21 there exist s and 
t ^ such that G(b) G F lfS , G{b) $ F hs+1 and G(c) G F 2jt , G(c) <£ 
F 2; t+i where Fi )S , i^s+i and i^t, i*2,t+i are in the filtration (5.2(1)) and 
(5.2(2)) respectively. Define ir, M and m G M as before. Hence we obtain 
a homomorphism of [/-modules ttt : V(X, —y) — > M where A = Ai + A2 
and /i = /ii + fj, 2 . Since mj ,c 7^ 0, it implies that 

TTT(G(a)u x ^) = G(a)m ^ 0. 
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Hence £ ^ rj for some rj G P + such that M v ^ by Lemma 14,21 It follows 
that there exists an I > such that 

{G(a) | rh b f ^0}CF \F l 

where Fq, F[ is in the filtration (3.2). Furthermore, there is a bijection 
between {G(a) \ md c ^ 0} and its image in Fq/Fi under the canonical map 
tt' : F — > Fq/F. Since F /Fi G ob(0 + ) and 

vr'{G(a) (m^0}C(F /% + 6, 

{G(a) G U | mr ^ 0} is a finite set which proves the theorem. □ 

Let H* be the dual space of U, that is, the set of all linear functions 
<p : il — > k. For b & iX, set 6* to be the linear function dual to the canonical 
base element G(b), i.e. 

b*{G{c)) = 5 biC for ii,ce 05. 

Let it° be the subspace of il* spanned over k by {b* G 11* | b G 53}. We 
define an algebra structure on il° by setting 

b ■ c = > rrQ a . 

The sum is well-defined by Theorem 15.31 and the associativity of this multi- 
plication is implied by (5.3). 

5.2 Other versions of definition 

Let U* be the dual space of U, that is, the set of all linear functions on U. 
The coproduct on U provides a multiplication on U*, i.e. (/i • / 2 )(u) = 
^ fi( u (i))f2(u(2)) where A(u) = J2 u (i) ® u (2)- F° r a ^-module M G 
ob{0 + ), let M° be the graded dual of M as before. For m G M and / G M°, 
we define a coordinate function m ® / on C7 as 

(m <8> /)(«) = f(um) for u £ U. 

Definition 5.4. The subalgebra of U* generated by all coordinate functions 
m®/ G M®M° for all M G o6(C + ) is called the quantum coordinate ring, 
denoted by C\. 

For mi® fi G Mj ® M° with Mi G ofc(0+), i = 1,2, since 

(mi 8) /i) • (m 2 ® / 2 ) = (mi ® m 2 ) ® (/i ® / 2 ) G (Mi ® M 2 ) ® (Mi ® M 2 )° 

where Mi®M 2 G o6(C + ), Ci is actually spanned by all coordinate functions 
and has a structure of [/-bimodule. The complete irreducibility of category 
+ implies the following analogue of Peter- Weyl theorem. 
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Proposition 5.5. flgjl) C\ = AeP + V(A) ® V(X)° as U-bimodules and 
algebras. 

Given A, fx £ -P + , we define a surjective map oa,-^ : U — > M(X,—fx) 
which takes x to xvx~u- Here M(A, — //) inherits from V(A, —fx) a canonical 
basis which also has the stability property as in [9], i.e. for A, fi,9 G P + , the 
f7 (or il)-map 

T\+e,-o-*\,-» ■ M(X + 9,-9- fx) ^ M(A, -fx) 

takes the canonical base elements to canonical base elements or to zero. 
Note that M(A, —fx) is usually not in + for g of afflne or indefinite type 
and more precisely, its weight space might be infinite dimensional. We 
define M(A, —fx)° to be the subspace of M(A, —fj)* spanned by the dual 
basis associated to the canonical basis of M{X, —fx), i.e. 

M(A, -fx)° = kb° 

where b°(G(c)) = 5& )C for 6, c € B(M(X,—fi)). One can see that Sa,-^ 
induces the injective map 

a*^: M(X,-fx)° ^U*. 

Denote by U(X, —fJ>)* the image of a\ . It follows from the stability prop- 
erty of canonical bases that 

U(X,-fx)* C U(X + 9,-9- fx)*. 

Indeed, for 6 € B(M(X, -fx)) C B(M(X + 9,-9- fx)), we have a^_ /t (6°) = 
a A+e -6»-^(^°)' s ^ m denoted by 6° in {/* with no confusion. 

Definition 5.6. C 2 is defined to be the subalgebra of U* generated by 
U(X,-fx)* for all X,fxE P + . 

Note that the above definition is a generalization of Lusztig's definition 
of quantum coordinate rings for q of finite type [9] . 

Lemma 5.7. (i) r : V(X,—fi) — > V(Ai,— fx\) <S> V(A2,— fx 2 ) induces a 
homomorphism of U or il-modules f : M(X,—fx) — > M(Xi,—lx\) ® 
M{X 2 ,-fx 2 ). 

(ii) Let f* be the map f* : {M(X 1 ,-fx 1 ) <g> M(A 2 , -fx 2 ))* — > M(A, —fx)* 
defined by f*(f)(m) = f{f{m)) for f e (M(Ai, -Ml) ® M(A 2) -/i 2 ))*, 
m G M(A, -/i). T/ien f*(M(Ai, -^l) ® M(A 2 , -M2) ) Q M(A, -//)°. 
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Proof. Let it be the canonical [/-map tt : V(Ai,— Hi) (8> V(A 2 , — /x 2 ) — ^ 
M(Ai, — /Ui)(g)M(A 2 , — A*2)- Thus we have the composed {/-map 7rr : V(A, — /x) 
M(Ai,-/ii) ®M(A 2 ,-Ai2). Both M(Ai,-/ii) and M(A 2 ,-/i2) have nice fil- 
tration as in (4.1), 

M(\i, -^) = M ifi 5 Mo D • • • D M M 2 • • • (5.2(i)) 

where i = 1,2. For any s, i ^ 0, we define (7rr) s t to be the composition of 
7tt with the canonical map 

r) S;t : M(Ai,-mi)®M(A 2 ,-M2) — > (M(Ai, -/xi)/M 1)S )®(M(A 2 , -/x 2 )/M 2 , t ), 

i.e. (7rr) S)t : V(A, — /i) — > (Af(Ai, -^i)/Mi )S ) <8> (M(A 2 , -ya)/M 2 ,t) where 
the right side is in 0+. Thus for any b G £'(A,-/i), (vrr) s ^(G(6)) = 0. 
It implies (vrr)(G(6)) G Mi jS ® M(A 2 ,-/x 2 ) + M(Ai,-/xi) (8) M 2 , t for any 
s, t ^ 0. Hence 

(ttt)(G(6)) G P| (Mi, a ® M(A 2 , -H2) + M(Ai, -/ii) ® Af 2 , t ) = 0. 

It follows that 7tt factors through r : M(A, — /i) — > M(Ai, — //i)(8>M(A 2 , — // 2 ) 
which proves (£). To prove (ii), we only show that r*(6° ® 6 2 ) C M(A, —fi)° 
for any 6, G B(M{X h -fa)), i = 1,2. Assume that f*(6f ® 6§)(G(6)) 7^ for 
some 6 G B(M(X, -//)), that is, (6° (8) b° 2 ){fG(b)) / 0. Then it implies that 
mjj 1 ' 62 7^ 0. We know from Theorem 15.31 that there are only finitely many 
such G(b). Hence f*{b\ <g> 6°) C M(A, -/x)°. □ 

As a consequence, we have the following corollary. 
Corollary 5.8. (%) U(X U ■ U(X 2 , -fi 2 )* Q U(\ x + A 2 , ~ni - Hz)* ■ 

(ii) C 2 = J2x -neP + ^(^> ~~ A 4 )* anc ^ I ^ e ^} f orms a basis of C 2 . 
5.3 Equivalence of definitions 

For x, y G {7, / G it° and / G we define x ■ f ■ y G it* to satisfy that 

(x • / • y)(u) = f{yux) 

for any n G 11. Suppose that x G E/^, y G f/^ 2 and f = b* such that 
G(6) G ikji is in the image of Ua\ with weight \i. For u = G(b') G it, it 
can be seen from the weight that (x ■ f ■ y)(u) 7^ implies u is in the image 
of Ua\ + £ 1 with weight fi — £1 — £ 2 . Also we have, by Corollary 14.4} that 
ii G ©e^jjita] if (x ■ / • y)(it) 7^ 0. It follows as in the proof of Theorem 15.31 
that x-f-y acts as zero for all but finitely many G(b') G ii. Hence x-f-y G it 
and one can view il° clS cl [7-bimodule or similarly clS cl U or il-bimodule. 
Fixing a left weight /x, that is, taking x = G U, we can see from Propo- 
sition 12.31 that the right [7-submodule a^il of il° corresponds to a crystal 
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which consists of dimV^X)^ copies of B(X)° associated to irreducible inte- 
grable highest weight right [/-module V(A)° for all A G P + . Obviously the 
same happens to C\ when applying a M to the left side. 

On the other hand, it is easy to see that the structure constant of mul- 
tiplication in C 2 with respect to the basis {b° \ b G 23} is exactly the same 
as that in il° since both multiplications are defined through coproduct on 
U. Thus 11° and C 2 are isomorphic as algebras. All the statements above 
lead us to a belief that the three definitions of quantum coordinate ring are 
equivalent. 

Theorem 5.9. il° = C x = C 2 as algebras. 

Proof. We only show G\ = C 2 . Given / G U(X, -fj,)* C C 2 with A,/x G P+, 
there is a g G M(A, — fj,)° such that f(x) = g(xv\-n) for all x G U. Since g 
acts as zero for all but finitely many canonical base elements of M(A, — fi), 
g{M s ) = for some s ^ where M s is in the filtration (4.1). Hence g induces 
the linear map g : M(X,—fi)/M s — > k where M(X,—fJ,)/M s , denoted by 
M, is an object in + . Clearly g G M° and we have 

f{x) = gixvx-n) = g{x{v x ,-^ + M a )) = ((«*,-/! + M 8 ) ® g){x). 

We denote v\ t - fJi + M s G M by m. Thus / = m®g G M ®M° which implies 
that / G Ci . Conversely, assume that f = m® g £ M ® M° C Ci for some 
M G + and m G M^. There exists A,/i 6 P + with A — /i = £ such that 
: M(A, — //) — ► M which takes xvx-^ to ira for x G 17 is a well-defined 
U-map. Note that induces an injective map 

0* : (Im<f>)* —> M(X,-fx)*. 

As above we have <j)(M s ) for some s ^ where M s is in the filtration (4.1) 
and 4> factors through a surjective U-map 4> : M(A, —fi)/M s — ^ Im</> which 
induces 

0* . (jmcf))* — y (M(A, —fj,)/M s )*. 

Since Jm0, M(A, -/i)/M s G 0+ and g G M°, then 9 | /m<A G (Im0)°, 0*(5|/ m( ^) G 
(M(X,-n)/M a )°. It implies that 0*(c/|/ m </,) G M(A,-/x)°. One can check 
easily that 

f = m®g = a* x _^(j)*(g\ Im(t> ) G C 2 
which proves the whole theorem. □ 

Remark 5.10. (i) One may notice that the proof of Theorem 15.91 also im- 
plies the equality in Corollary 15.81 (ii) . 

(ii) Let Z = Z[g, q^ 1 ]. Similarly as that constructed by Lusztig in |11| for 
q of finite type, we can define a Z-form of the quantum coordinate ring 
by spanning a free Z- module with the basis {b* \b G 53}. 
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